Particle diffusion in a two dimensional curved surface embedded in R3 is considered. In addition to the usual diffusion flow, we find a new flow with an explicit curvature dependence. New diffusion equation is obtained in ǫ (thickness of surface) expansion. As an example, the surface of elliptic cylinder is considered, and curvature dependent diffusion coefficient is calculated.
The particle motion on a given curved surface is old but interesting problem in wide range of physics. Especially the diffusion process of particles on such a manifold is still an open problem, and related to various kinds of phenomena.
For example the motion of protein on cell membrane has great importance in biophysics. There are several research papers discussing on this problem. Some of them are treating this problem by using usual diffusion equation with curved coordinate, and discuss the curvature (Gauss curvature) dependence of its solution [1] . Other of them use the Langevin equation on curved surface and calculating the curvature dependence of diffusion coefficient [2] . The quantum mechanics of particle motion on such a curved manifold is also considered by many authors. This problem is usually explained by the Schroedinger equation with Laplace-Beltrami operator. However, when we treat the curved surface as embedded one in 3 dimensional Euclidean space, situation is changed and then we have a quantum potential term related to the curvature additional to the kinetic operator [3] , [4] , [5] .
Another example is in larger scale physics in which our consideration is devoted. Patterns of animal skins are well expressed by the reaction diffusion equation [6] . But the patterns are different for each parts even in one individual. For example, Char fish, the side part has white spot pattern, but the back part has labyrinth pattern. (For these two patterns, see for example [7] .) One of the reasons might come from the curvature difference between side part and back part. If the diffusion is influenced by the curvature, this difference of patterns might be explained. Furthermore, the cross section of fish has form of ellipsoid and the surface can be approximated as the one of elliptic cylinder. In two dimensional space, we have only two kinds of curvature, one is Gauss curvature and other is mean curvature. Both are constructed from second fundamental tensor by taking determinant or trace. Gauss curvature can also be constructed only by * ogawanao@hit.ac.jp metric tensor and its derivatives, but this is not the case for the mean curvature. The elliptic cylinder, in which we have much interest, has zero Gauss curvature and nonzero mean curvature. Therefore to explain the pattern change of Char fish, solution of the diffusion equation should depend on mean curvature. This is impossible if we start from usual diffusion equation because it depends only on metric but not on second fundamental tensor. Therefore we need some new diffusion equation, which bring not only Gauss curvature but also mean curvature. In this article, we discuss how to construct such curvature dependent diffusion equation.
II. COORDINATE AND METRIC
The simple extension of diffusion equation in Euclidean space to Riemannian space can be done by changing Laplacian with Cartesian coordinate to the one with curved coordinate, i.e. Laplace Beltrami operator. This coordinate change is not enough for our purpose, however. The way of construction of new diffusion equation in this paper is the followings. We re-identify the two dimensional diffusion as the limiting process from three dimensional diffusion. We place the curved surface Σ in three dimensional Euclidean space R 3 , and we put two similar copies of Σ, calledΣ and Σ ′ at a small distance of ǫ/2. Our particles can only move between these two surfaces, and later we take a limit ǫ → 0. We look for the form of diffusion equation in this limit. The coordinates we use hereafter is the followings. (See fig.1 ) X is the Cartesian coordinate in R 3 . x is the Cartesian coordinate which specifies only the points on Σ. q i is the curved coordinate on Σ. (Small Latin indices i, j, k, · · · runs from 1 to 2.) q 0 is the coordinate in R 3 normal to Σ. Further by using the normal unit vector n(q 1 , q 2 ) on Σ at point (q 1 , q 2 ), we can identify any points between two surfaces Σ ′ andΣ by the following thin-layer approximation [5] .
where −ǫ/2 ≤ q 0 ≤ ǫ/2. From this relation we can obtain the curvilinear coordinate system between two surfaces (⊂ R 3 ) by the co- 
Each part of G µν is the following.
where
is the metric on Σ. Hereafter indices i, j, k · · · are lowered or rised by g ij and its inverse g ij . We also obtain
We can proceed the calculation by using the new variables. We first define the tangential vector to Σ by
Note that n · B k = 0. Then we obtain two relations. Gauss equation:
Weingarten equation:
κ ij is called Euler-Schauten tensor, or second fundamental tensor defined as
The second fundamental tensor κ ij is the projection of ∂ n into the surface. Furthermore, the mean curvature is given by
and Ricci scalar curvature R is obtained by
. (11) Then we have the formula for metric of curvilinear coordinate in a neighborhood of Σ.
Under the inversion
Now we have the total metric tensor such as,
III. EMBEDDING OF DIFFUSION FIELD
Let us denote 3 dimensional diffusion field as φ (3) , and Laplacian as ∆ (3) . Then we have the equation with normalization condition
where D is the diffusion constant, and G = det(G µν ) = det(G ij ). Our aim is to construct the effective two dimensional diffusion equation from 3D equation above.
where φ (2) is the two dimensional diffusion field, g = det(g ij ), and ∆ (ef f ) is unknown effective 2D diffusion operator which might not be equal to simple 2D Laplace Beltrami operator.
From two normalization conditions, we obtain
Therefore we obtain the relation,
We multiply G/g to equation (14) and integrate by q 0 , then we obtain
Next we analyze new operator∆ (3) . From the form of Laplace Beltrami operator
we have∆
Then our diffusion equation has form
The contribution from∆ (1) vanishes because
The last equality is the requirement that diffusion flow does not pass through the surface: Σ ′ andΣ.
Now we calculate r.h.s of (25) up to O(ǫ 2 ). Since we haveφ
from (18), we need to expand∆ (2) up to O(ǫ 2 ). The following relations are useful
where R = κ 2 − κ ij κ ij is used. Then the operator∆ (2) can be expanded as follows
where,Â
Then our two dimensional effective diffusion equation
To proceed the q 0 integration, we suppose there is no diffusion flow in normal direction in layer , that is, 0 = ∂φ
Solution is,φ
Each integration can be explicitly performed, and we obtain
where we have used the definition
We obtain the final form of equation up to O(ǫ 2 ) as
We give two comments here. First, O(ǫ) term disappears. Since ǫ has the dimension of length, it always appears with curvature κ. Therefore the 1st order term, if it exists, it contains 1st order of curvature κ. But this curvature depends on unphysical choice of normal unit vector n, and so it does not appear.
Second, additional potential term disappears. In quantum mechanics, the similar embedding techniques leads to the appearance of additional potential term written by curvature. But in our classical case we have no such terms. Because in diffusion equation, potential term breaks probability conservation law, i.e. ∂φ/∂t = (D∆ + V (x))φ,
The normal diffusion flow can be written in general coordinate,
The anomalous diffusion flow is,
The Diffusion equation is written as
where ∇ i is the covariant derivative. By using a suitable boundary condition, we can prove
IV. PROPERTIES OF CURVATURE DEPENDENT FLOW
The anomalous flow equals to zero for the flat surface. The last term in equation (45) shows that curvature gradient generate the flow without particle density gradient. From the signature of this term, this flow goes from the smaller Ricci scalar point to the larger Ricci scalar point. Ricci scalar can take the negative, zero, and positive values. (Ricci scalar R is related to Gauss curvature by R/2 = det[κ i j ].) Let us work with the coordinate which satisfies
at point P , where r i is the curvature radius along the q i coordinate and it takes positive or negative value for convex or concave. (The metric can be diagonalized by choosing the two coordinates as to satisfy orthogonality, and it can be normalized by using the re-parametrization. The second fundamental tensor is diagonalized by rotation of coordinate.) Then at point P , we have R = 2 r1r2 and,
• R > 0 if the surface is convex or concave.
• R = 0 if the surface is essentially flat.
• R < 0 if the surface is hyperbolic.
Therefore the flow goes from hyperbolic or flat points to convex or concave points with positive larger Ricci scalar value.
Next we consider the first term in (45). We have positive or negative value for
depending on the value of curvature. In our coordinate, we can immediately write it in the simple form
When the surface is hyperbolic (R < 0),
usual diffusion occurs (See fig. 2 ). When the surface is convex or concave (R > 0), In this case, we have three possibilities. One possibility is that both are negative, if
Then we have no diffusion but concentration occurs (See fig. 3 ). The second possibility is that one of two is positive and the other is negative, if
Then we have diffusion in one direction, but concentration in another direction (See fig. 4 ). The third possibility for R > 0 is,
This is critical point, where the flow stops for larger curvature direction and flow concentrates for smaller curvature direction.
When the Ricci scalar is zero (R = 0), for example r 2 = ∞, f 22 = 0 and f 11 > 0 follows. The diffusion occurs only in q 1 direction but not in another direction. (See fig. 5 ).
In this way, this anomalous diffusion flow has much varieties depending on the curvature.
V. ONE EXAMPLE: ELLIPTIC CYLINDER
Let us consider one simple example where diffusion coefficient depends on curvature. The surface of elliptic cylinder is the case of R = 0 just as figure 5, but the surface has non zero mean curvature.
Ellipsoid is given by the equation
Then any points on cylinder are specified by curved coordinate θ and z; x = a cos θ, y = b sin θ.
Another choice of coordinate instead of θ is,
where f (θ) is defined as
FIG. 6: Elliptic cylinder
The length of u is given by
is the Elliptic integral of the second kind. (See appendix)
The total length of u is given by
We use the normalized value for u hereafter such that,
The normal unit vector n is given as
Then we obtain the second fundamental tensor.
Then we collect all the necessary quantities as follows
Then we obtain the total diffusion equation expressed by the parameters θ and z. ∂φ (2) 
where the effective diffusion coefficient depends on mean curvature.
where ε ≡ ǫ/(2 √ 3b). Under this equation, we obtain the following particle number conservation law. By using the variableũ instead of θ we have simple dimensionless equation,
By using the approximation of elliptic function given in appendix, curvature dependent potential V can be written as function ofũ. The simulation can be done as usual diffusion equation. For 0 ≤ũ ≤ 1 and 0 ≤ η ≤ 4 using periodic boundary condition, since the length of η is larger than one ofũ, the diffusion in u direction occurs fastly and then the diffusion in η direction follows slowly just like φ ∼ a + k b(k)e −k 2 τ cos(kη). The u-directional diffusion can not occur uniformly, because atũ = 0.25, and 0.75 the diffusive coefficient is higher than other points. Therefore the slope of diffusion field is small especially at these two points during the diffusion process. (fig. 7) 
VI. CONCLUSION
We have discussed on the diffusion equation on curved surface embedded in R 3 . We obtained the new diffusion equation up to O(ǫ 2 ) which includes anomalous diffusive flow additional to the usual one. This anomalous flow depends on the second fundamental tensor, and it has not only diffusion but also concentration properties depending on the curvature of its manifold.
At the point with negative Ricci scalar R < 0, surface is hyperbolic, and diffusion in both direction occurs. (fig.2) When Ricci scalar is positive R > 0, we have three possibilities. r i appearing below is curvature radius in each direction (i = 1, 2).
• Concentration in both direction ( fig.3 ), when 1/2 <| r 2 r 1 |< 2.
• Concentration in smaller curvature direction, and diffusion in higher curvature direction ( fig.4) , when
• Concentration in smaller curvature direction, and no flow in higher curvature direction, when
When Ricci scalar is zero R = 0, surface is essentially flat, but we have finite curvature radius in one direction. Then we have diffusion only in this direction ( fig.5 ).
In the case of surface of elliptic cylinder, we gave a concrete form of equation and we showed the curvature dependent diffusion coefficient.
where κ is the mean curvature. In this case curvature dependence is simply included into diffusion coefficient. However this is not true in general case, where situation is much more complicated, and this can be seen from the form of anomalous flow. The application to the pattern formation by reaction diffusion using this obtained equation is not yet finished. This will be done in further publication.
VII. APPENDIX
We approximate the elliptic integral of the second kind.
with
Under the expansion in powers of k 2 , we obtain the power series of Elliptic integral of the second kind.
Since the integration part can be expanded by φ and sin 2nφ, we have E(k, φ) = a 0 φ + ∞ n=1 a n sin 2nφ.
with the relation 
whereũ = u/(4bE(k, π/2)).
The iteration method up to order (a 1 /a 0 ) 1 gives
Then we take the derivative by u in both hand sides.
where the following relation is used.
Then the mean curvature given by (58) is obtained as function of u.
where β = b/a. This function is shown in figure 8 .
